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I. INTRODUCTION

The prediction of the complete moment exerted by a spinning liquid pay-
load on a spinning and coning projectile has been a problem of considerable
interest to the Army for some time. For a fully spinning liquid, the linear

side moment was first computed by Stewartsonl for an inviscid payload by use
of eigenfrequencies determined by the fineness ratio of the cylindrical con-
tainer. Wedemeyer 2 introduced boundary layers on the walls of the container
and was able to determine viscous corrections for Stewartson's eigenfrequen-
cies, which could then be used in Stewartson's side moment calculation.

re Murphy 3 then completed the linear boundary layer theory by including all

pressure and wall shear contributions to the liquid-induced side moment. The
Stewartson-Wedemeyer eigenvalue calculations have been improved for low
Reynolds numbers by Kitchens et aZf through the replacement of the cylindrical
wall boundary approximation by a linearized Navier-Stokes approach. Next,
Gerber et aZ. 5- 6 extended this linearized NS technique to compute better side
moment coefficients for Reynolds numbers less than 10,000. Finally, the roll
moment for a fully spun-up liquid was computed by Murphy.

7 8

1. K. Stewartson, "On the Stability of a Spinning Top Containing Liquid,"
Journal of Fluid Mechanics, Vol. 5, Part 4, September 1959, pp. 577-592.

2. E. H. Wedemeyer, "Viscous Correction to Stewartson's Stability Criter-
ion," Ballistic Research Laboratory, Aberdeen Proving Ground, Maryland,
BRL Report No. 1325, June 1966. (AD 489687)

3. C. H. Murphy, "Angular Motion of a Spinning Projectile With a Viscous
Liquid Payload," Ballistic Research Laboratory, Aberdeen Proving Ground,
Maryland, BRL Memorandw Report ARBRL-MR-03194, August 1982. (AD

A118676). (See also Journal of Guidance, Control, and Dynamics, Vol. 6,

July-August 1983, pp. 280-286.)

4. C. W. Kitchens, Jr., N. Gerber, and R. Sedney, "Oscillations of a Liquid
in a Rotating Cylinder: Solid Body Rotation," Ballistic Research Labora-
tory, Aberdeen Proving Ground, Maryland, BRL Technical Report BRL-TR-
02081, June 1978. (AD A057759)

5. N. Gerber, R. Sedney, and J. .l. Bartos, "Pressure Moment on a Liquid-
Filled Projectile: Solid Body Rotation," Ballistic Research Laboratory,
Aberdeen Proving Ground, Maryland, BRL Technical Report ARBRL-TR-02422,
October 1982. (AD A120567)

6. N. Gerber and R. Sedney, "Moment on a Liquid-Filled Spinning and Nutating
Projectile: Solid Body Rotation," Ballistic Research Laboratory, Aberdeen
Proving Ground, Maryland, BRL Technical Report ARBRL-TR-02470, February
1983. (AD A125332)

7. C. H. Murphy, "Lip: id r:.i. .lZ %luaib inluoed by a bpinning and
Corling Projectile," BaLsItstLe Reseaech Laboratory, Aberdeen Proving
Ground, Maryland, BRL Techical Report ARBRL-TR-02521, September 1983.

(AD A133681) (See also AAA Pai;cr 83-2142, Au3ust 1983.)

8. C. H. Murphy, "A Relationskhp Between Liquid Roi7 Moment and Liquid Side
Moment," Ballistic Research Labor2tory, Aberdeen Proving Ground,

* Maryland, BRL Memorandim Report ARBRL-MR-03347, April. 1984. (AD A140658)
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An important limitation of this work has been the restriction to a single
liquid in the payload. Scott 9 has derived relations for eigenfrequencies for
two inviscid liquids and obtained fair experimental agreement. For Scott's
inviscid liquids the tangential perturbation velocities have discontinuous
jumps at the two-liquid interface.

In this report we will consider two viscous liquids, although we will
restrict our consideration of viscosity to boundary layers near the cylin-
drical walls and near the two-liquid interface. The remainder of the liquid
will be considered to be inviscid. Under these assumptions, side moment
coefficients,as well as eigenfrequencies,will be computed.

II. LIQUID BOUNDARY CONDITIONS

Two coordinate systems will be used in this report: the nonrolling aero-

ballistic XYZ system whose X-axis is fixed along the missile's axis of sym-
metry and the inertial XYZ system whose X-axis is tangent to the trajectory at
time zero. Both coordinate systems have origins at the center of the cylin-
drical payload cavity, which is assumed to be at the center of mass of the
projectile. Location in the cavity can be specified in the aeroballistic

system by the cylindrical coordinates x, r, 6 and in the inertial system by x,

r, e. The boundary of the cavity is given by x = ±c and r = a where 2c is the
height of the cavity and 2a is its diameter. The projectile is assumed to be

performing a coning motion of amplitude K1(t) and phase angle p1(t). If a and

3 are the angles of attack and side-slip of the missile's axis with respect to
the trajectory (the X-axis),

6 + i a = Kle (2 .1)

^ 
s

where =

L~~ = (_S + i) T

K I() e

9. W. E. Scott, "The Inertia' Wave Frequency Spectrum in a Cylindrically
Confined, Inviscid, I, compessible Two Component Liquid," Ballistic
Research 1haboritory, Aberleer Protein3 Ground, Maryland, BRL Report No.
1609, September 1972. (AD 752439). (See also Physics of Fluids, Vol.16, No. 1, pp. 9-2 aay1973.)

6 ° .i 2
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= KI/K I

and is the axial component of the anguar vel oci icelative to inertia axes
and is assumed to be positive and const3nt. Linear relations Detween cylin-
drical coordinates in the two coord1nate ;ystems were lIeri,el in Reference 3:

x = x - r KI cos (el-e) = x-r R ,K eS' (2.2)

r = r + x KIcos (, 1 -e) r + x R ,K e';I (2.3)

=e+ (x/r) K sin (;- ' )= -(x/r) RiKeS}, (2.4)

* where R{ } I } + {-}/2 is the real part of a compl ex quantity.

The two liquids have densities o1 and 2 2 ) and kinematic vis-

cosities vI and v2 . When the liquids are fully spun up and K =0, liquid I

occupies the cylindrical annular region b1 < r < a and liquid 2 occupies a

cylindrical annular region b2 < r < bI. The fill ratio, f, is the ratio ol

the volume of the annular region containing both liquids to that of t;Ie corn-
2

plete cylinder, i.e., 1 - (b2/a) The surface r = b2 is either a free

surface or the surface of a rigid central rod. The free surface boundary will
be considered in this report while the central rod will be discussed in
Appendix A. For a fully filled cylinder, b2 = 0 and f = 1.

When the cylinder is forced to perform a coning motion, the interface

between the liquids is located at

Sr I = b I  (I + (ui 2.5)

where

• arid the free inner surface i ,, I at

where

0

0 ,
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The velocity components in the two 1 1uids have a very simple form.

.=- -'. e (2.8)isrj wvj s e ( ."

V = ; r + R (w.se a: (2.9)is

where j 1,2.

The fluid pressure, howeve', has a more complicated form:

P PO 0 < r < r2

-- bO 
+

2]- + R iP s s i "  2.2F ? 2 1s 1S2 2  2se
5  )2 2 r2 < r < rI

2. D
a 2 2 ~ r2 . b121

p+ 2 + ')2 2

2~i 2

+ RP s ia a,2 ? rI < r < aIs I

If we assume the small perturbation of the interface surface has the same form
as the perturbation velocities,

I = R { is(X) es  - '} (2.11)

'v ise of Eqs. (2.3, 2.11), the equation of the interface surface is

F x,r, ,t) = r - b - Re
1 b101 s

(2,12)

"K ..



At the interface, the two liquids have the same velocity, i.e., the
velocity of the interface itself.

dF F V SF iF= V + V -T- + (2.13)
xj ax C.] -r r 5 +

When only linear terms are ret.,i ed, this reduces S

r.
a v1s (bl, x) a V2 (bl,x)bI n(X)= = ~ (2o14)

s-i s-i

Similarly, the perturbation of the inner surface has the form

a v2s (b2,x)
b2 n2s(x): (2.15)

s-i
where

2 R {q2s }n

in addition to three continuous velocity components at the interface, we
will require the pressure and the two viscous shears to be continuous at the
interface. Equations (2.10, 2.14) yield a simple pressure relation at the
interface:

bl Vls(bl'x)as i bl V2s~bl'X)]

Pis (bKs) + b1 v(b21 P2s (bl'x)  1 (2.16)
a(s- a (s

where 021 = "210I"

If only velocity gradients normal to the interface are considered, the
continuous viscous shear assumptions imply that

Uls(b l ,x) u 2 s(hlx)
1 i 2 (2.17)

ar r

At theu free surfdce, tht, ; s r e o,,ta , i :,j 1 s -s sneirs ire
6 zero.

6;



b2v2s(b21x)
p(b2,X) + =0(219

K2 a9 (s-(21)

3u2,(b2,x)V= 0 (2.20)

~ 2( 2,) =0. (2.21)

Finally, at the cylinder surface the liquid must have the rigid body motion of
the cylinder.

s= (s - )I(2.22)

vs= -(s - i) (xla) K(2.23)

w s= i(s - i) (x/a) K.(2.24)

III. THE INVISCID SOLUTION

The perturbation functions are written as sums of viscous and inviscid4 parts.

ujs ujs + ujs Wj W j i sv
(3.1)

js jsi + isv pj5 =js +~~4 P35  .

The differential equations for the inviscid functions of each liquid are the
same as those for a single liquid and the solutions have the same form.3

More specifically, the pressure and velocity perturbations are expressed
as the sum of products of functions of x and functions of r. The functions of
x are 1, x/a, sin (Ajk x/a), and cos (Xjk x/a) where

Xjk =(rrkl2) [1 + 6 *1 k 1,3,5 ... (2Nk-1) (3.2)

=j -(a/c) (1+i) 1 - is + i(3 + is) Re.-112  (3.3)
c 2 VT (1 + is) 13 + is r v Ti

4 2.
Re. =a.- (3.4)

14
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The specific expressions for pressure and velocity functions are given in
Table 1.

TABLE 1. INVISCII) PERTURBATION F.JNCTIONS*

2

- [(i-s) (x/c)(r/ad +  (r) sin (. x c)] (c/a)

ujsi =-[(i-s)(r/a) + (i-s) -  jk k cos (X x/0)

Vjs i  = [(i-s) 2 (i+s) (xl/t) + R vjk  sin (, jk x/c)] (c/a)

Wjs i  = [-i (i-s) 2  (i+s) + - Rwjk sin jk x/c)] (c/a)

Rjk = Ejk Jd(r) + Fjk YI(r)

Rvj k  = [(s-i) a R'k " '
a k - 2i(a/r) Rjk] S1

Rwjk = - [2a Rjk + ,s-i) (air) Rjk] S"

r = jk r/c

jk2 [S 2 j 2* jk =- [s -i)2] AJk

S s2 - 2,s + 3.

If "I  \)2 the Xjk's for the same k are not the same, the trigonometric

functions on opposite sides of the liquid interface are slightly different,
and the interface boundary conditions require a special least squares process.
In the body of this report, we will use a single \k determined by an average
kinematic viscosity, Va"

k C a 1 (3.5)

b- . '; / , 2' ! , ,, ,J " ., ,, .'* ... ." , 1 ? . ' I t " " ', . .7' , , "' ' ; ; ,

, ..I . ,. . . ,,-,



where 2 2 2 2

aa b + v2  b I b2)

aa2  2

In Appendix B, a much more accurate treatment of unequal viscosities will be

described.

IV. THE VISCOUS SOLUTION

In Reference 3 the viscous parts of the perturbation variables were im-
portant only in a small region near the cylinder wall and the endwalls, and

these functions were computed by the use of unsteady boundary layer equations
in these regions. It is reasonable to expect that the viscous parts can also
have contributions near the liquid interface and that derivatives in the
radial direction are much larger than those in the circumferential or axial
directions. Thus, we will assume that the viscous functions away from the
endwalls satisfy the same equations as those for the cylindrical wall boundary
layers.3

a2

(-i)w -a
2 Re-1 wj (4.1)

jsv a Rej

J~v r

a a r 2w. * (4.3)

The solutions to Eqs. (4.1 - 4.3) are

r - a - (r - bl)
a 6ai a 6al

w isv =w 1 0 e + W 1 1 e (4.4)

r - b1  -(r -b 2 )

e a 6a2 22 a 6a2 (4.5)
W 2sv =w 2 1 e +w e

r - a -(r - bI)

a 6al a 6al
u Isv =u 1 0 e + U1 1 e (4.6)

16
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5-

r - -(r - b2 )
a a2a 6a

U2sv =u 21 e a + u22 e a2 (4.7)

r a -(r - b2)

ra a6

[ al alPlsv 2 a, 10 e-Wile (4.8)"-

[ r " b l  - ( r - b 2 )a a 9

P2sv = 2 6a2 '21e aa2 - w22e 6a2 (4.9)

: 1 + i 1 1 R e -/

where 6aj =L2 (1 + is) Re

and the eight coefficients Ujk, Wjk are functions of x. Four conditions on

the coefficients come from the continuity of tangential velocities and shears
[Eqs. (2.17 - 2.18)] at the interface.

I

AWsi + Wi0 £I + W 1I - w2 1 - w2 2 c2 = 0 (4.10)

AUsi + U10 El + u11 - u21 - u22 c2 = 0 (4.11)

W10 1: -wl = N (w2 1 - w22 £2) (4.12)

u1 0 £1 - U11 : N (u2 1 - u2 2 £2) (4.13)
I

where

AWsi = [Wlsi 2si ]  b

=r = bIAUsi = [Ui 1 - u2 s1]
r :b

17
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b -a

a 6aa 1a
El = e

b2 - b1

a 6a2
£2 =e _

N = 021 C

Four more conditions come from the no-slip condition at the cylindrical
wall [Eqs. (2.22, 2.24)] and the no-shear condition of the free surface [Eqs.
(2.20 -2.21)]

w .(a,x) + w + W i(s -i)K(x/a) .(4.14)

isi10 1

u i(a,x) + 10 + ull £-1 (s -i) K. (4.15)

W2 1 E2 -w 22 =0 (4.16)

u21 £:2 -u 22 =0. (4.17)

*Eqs. (4.10 - 4.17) can now be used to determine the eight coefficient
functions. If the total liquid occupies an annular region that is thicker

* than ten boundary layer thicknesses, the product £1 £2 is quite small and can

be neglected. The resulting expressions for the coefficient functions are
given in Table 2. If the liquid interface is more than ten boundary layer
thicknesses from both the cylindrical surface and the free surface, both
C1 and e2are very small and can be neglected in Table 2.

Eqs. (4.8 - 4.9) can be used in conjunction with Eqs. (4.12,4.16) to
yield general relations for the viscous perturbation pressures at the three
boundaries.

* 2sv (b 2 9X) =0. (4.18)

~1v(bx = 2
1 2s (bl,x) .(4.19)

1P1sv (a,x) =2 
6a1 ("'10 - '11 61)- (4.20)

18

6|



TABLE 2. VISCOUS COEFFICIENT FUNCTIONS FOR INTERNAL FREE SURFACE.

w 10 ={[1 + N + (1 - N) F22]w + N 'i I w sD "

-W(i - N) E1 w - N (I - 2 ) A I

2l I-2 I

w 21 t2 EI Wa + (1 + 2) ,w si D 1

w22 F-2 A Ws i "  .!

U10 = ([1 + N + (I - N) E22] ua + N I A usi} D 1"

-- 1
uJ D

Ul = {(1 - N) £1Ua - N (1 - £22) A Usi}D"

2 = (2£ a+ (i + i2) A Usi} D" 5

u2 2  E2 A usi

0 =(El + N + (I - N) :2] Va + N iA* D-

V = -(I - N) el va + N (1 - E22) A*} D"

v = 2 SiVa + (1 + 612) A*} DI

v2 2 =- 2 A* D"

where S

wa = i (s - i) (x/a) K - wls i (a,x)

ua (s - i) K - u1 s1 (a,x) lsii
r "ls

v a -(s - i) (x/a) K rv ]
r a

2 :22
=I + N + (I - N) (E 1 + F: 2 2

(r V i  (r v
A ar r r = b ]-

19
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II

In order to compute the viscous radial velocity, we must use an
inequality involving the magnitude of a complex exponential. From the
definition of 5aj

exp L- 11 = exp 2a(4.21)
a 6aj a6aj.

a-"r exp {-a r 21/2 16ajz ez < I~aJ (4.22)

where z = 2-2 6ajI > 0

Equations (4.4 - 4.7) can now be substituted in the continuity equation.
The results can then2 be integrated and simplified by use of Inequality (4.22)
and neglecting 16 ajI terms.

r - a -(r - bl)

a 6al a 6al
r vlsv = aal vI0 e + V1 1 e al (4.23)

a a2a 6a
= I

r s 6a2 [2 21 a2+ 22 3 a2(.4

where vl I wl- aul
whee 10 = i 10  au 10

Vl= -[i W - bI Ujl]

v21= i w2 1 - b1 u21

v -[i w2 2 - b2 u 2]

Eqs. (4.23 - 4.24) can now be used in conjunction with Eqs. (4.11, 4.13 -
4.17) to give relations for the radial viscous velocity at the three bound-

4 aries.

L20
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0(b, = 0 (4.25)V2 s 2+

T ix 2 21 V2sv (blX)

(4.26)

2 ' 2 [v 2 1 + 2 v2 2] (a/b 1 ) 1 a2 (2

Vls v (a,x) :[vlO + vi El] 5al (4.27)

where Vjk are given in Table 2 (relation (4.22) was used to simplify entries

in this table).

V. INVISCID BOUNDARY CONDITIONS

In the previous section, we used eight of the twelve liquid boundary con-
ditions to determine the viscous perturbations in terms of the inviscid
perturbations. We will now completely determine the inviscid perturbation by
use of the remaining four conditions--Eqs. (2.16, 2.19, 2.23) and vls = v2s at

the interface. These conditions can be simply stated by use of Eqs. (4.18,
4.19, 4.25, 4.26):

at r = b I b I Visi [bl IV2si]Ptls1 i lsi P2l[P2si as J51

Sisi +a (s - i) = + P +si a (s - 1 (5.1)

vlsi =V2si + (I - P2 1) V2sv (5.2)

at r b2

b2 v2s i

P2si + as - (5.3)

at r a

"Vs i  + VIsv = (i - s) (x/a) (5.4)

Eqs. (5.1 - 5.4) with Vls v and v2s v set equal to zero were used by Scott 9

to obtain eigenfrequencies for a completely inviscid liquid payload. As can
be seen from Table I, for each k four constants must be determined to
completely determine the inviscid perturbation functions, i.e., Elk, E2 k • Fik,

12k* (For the special case t 100t filled cylinder (b2 - )), F2k is zero and
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i nrlted(I of 4Nk constants only 3Nk constants remai n to be deteri red. To

0 )t3ln these conditions, we fit (x/c) to a series in sin (kx/c) by least
u ar s

I

x/c ak sin (kx/c) (5.5)

Next, Eq. (5.5) and the corresponding expansions for the pressure and velocity
functions from Table 1 are substituted in Eqs. (5.1-5.4) and coefficients are

ro equated.

RIV( K 1 ) - '21 R2k(bl) - (bl/a)[RvlK(bl) " 21 Rv2k(bl)](s'i)'

2 (5.6)4 ~(1 - o21 ) s2 (i - s)(56
= 2 

(bI/a) aki + s

I l (bl) - Rv2k(bl) - (1 - P21 ) 6a2 Rk (1 - P21 ) 
LI a2 Aak (5.7)

2
s2(b -( (s 1 R ( (i s) (b2/a) a (5.8)

2k 2) b2/a) i) Rv2k(b2 ) 1 i + s 2  k

A (a) N 1 R** Do1 2s (i -s) a (5.9)
lK(a) 2 Sala R vlk 1 al k 1 1 + s k

where

R, =(I + 2 E2 2) a [R' (bI) - R (bl)]

= K 1 I v2k

2 (a/b )[R (a) + a Rv lk 
a ]  D 1

R** 2 [Rvlk(bl) + b, 'vjk(bl) - Rv2k(bI) - bI Rv2k(bl)]

AI  4 (a/b1 1  I s !i -sl DI-
L 1 s

A....
1[ab)L 15 j

[



A, 1 LI N + (I - N) (2 - )] D

2 2F = -
'  a If L N - 1- N)( I - 2

L) i# -1 2 ( , i2 _  2 ) .

VI. LIQUID MOMENT

For coning motion described by Eq. (2.1), the linear liquid pitch and yaw
moment is defined to be: 3

MLY + i M L = mLa;2T (CLs M  iCLIM) e (6.1)

2c
where mnL = 2Tr p a .

The major components of this liquid moment are due to the pressure on the
lateral wall and the endwalls of the container. Lesser components are due to
the viscous wall shear on the lateral and endwalls. Thus, the liquid moment
coefficient can be given as a sum of four terms. (For simplicity these terms
'll be computed for the center of the cylinder at the center of mass of the
projectile. More complete expressions are given in Reference 3.)

(CLsM + i CLI M) = mp + mnpe + mvi + mve. (6.2)

By use of Eqs. (2.2 - 2.4) and Eq. (2.10), the linear periodic part of
the pressure can be computed in cylinder-fixed coordinates

ia R [Pls (r,x)j e for b < r < a

(6.3)

1,21 R f[ (r, x)] e' - for b2 < r bI

where Pjsi (r,x) pjsi (r,x) - (rx/a 2 )

Eq. (6.3) for the inviscio pressure rnrd [q. (4.8) for the viscous lateral wall
pressure can be integrated to yield the pressure moment coefficient on the
lateral wall.

zi



mi 1(2 acK) "I  x [Plsi (a,x) + Plsv (a,x)] dx (6.4)

-C

where Plsv (a,x) : 2 6al (w10 - w11 1 ).

Since the viscous pressure on the endwalls is zero, the expression for the
pressure moment coefficient on the endwalls is slightly simpler.

a

mpe =" i (a cK) P (r,c) r dr
bI1

(6.5)

+ P21 biP2si (r'c) r2 dr

b2

The viscous moment coefficient on the lateral wall can be computed by use
of Eqs. (4.4) and (4.6).

C

-i (2acK Re[1 aia (u10 " I u 11) + x (W10 - w )] dx. (6.6)

-C

The viscous moment coefficient on the endwalls is a little more difficult to
compute since a change in kinematic viscosity can occur across the interface
as well as a change in density. The relations of Reference 3 can, however, be
used to obtain the following result.

me 2 -w- Re [rw r dr + N w r dr 1  (6.7)

a bl1 b2

where

w.(r) = 2(1+is)(c/a) K - Wjsi (r,c) + i V.si(r,c).
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is t.6- 5.9 yield values of Flk E2

* ).. ootit of tne l iquid mloent. Val Iues

ha s r t t- fit four nj Nor deteriinant of the system zero are called
Woe"* i is tr te an al mode number and n i s the radi al mode

*P a.~ a Urf the An'sS are frequencies, Akn, of the-
Tf ds""! 07 1' tr< Ii i anid trie real parts are the damping rates of

ta ou JraSinle liquid, is tesmallest and increasesLw ~ 'ki thiUn *Kf
innwtotniil ly witri increasiny n.) When the forced coning motion of the pro-
jectile KaS; a treqlency near dn eigenfrequency, the liquid side moment has a
10,a! WO1 AM. F-or this reason, the eigenfrequencies are of considerable

inv~n L i a roiteit le des i gner. *

The equations of this paper have been coded for the VAX 11/780 computer
and eigenifrequencies can be computed for specified values of c/a, Re, k., 2
N, D11a, and 02/a. Codes for both an interior free surface and rigid rod are 0
availanle. in Figs. 1 - 3, sample plots of - 3 1 are given for a fineness ratio

of 3. 1 ino Reynol ds number of 40,000. Eachl figure Plots T 31 versus the loca-
tion of tne liquid interface for three values Of P21.

In Figure 1, we see that for a fully-filled container, T 3 , has the

single-liqujo value of .035 at bl/a = 0,1 and reaches a maximum value for bl/a
-. 7 . Thus, the maximum change in eigenfrequency occurs when there are

approximiately equal volumes of the two liquids.

ood
A fill ratio Yf 0]8 (bP/ = .141) is considered for a free surface (Fig.

2) and a central rod (Fig. 3). Although there is very little change from the
fully-fillel case for the free surface, the central rod has a strong coffect.
For all density ratios, tie single-liquid eigenfrequency of .113 occurs for
three valeas of 511a (0, .53, 1) and toe maximum effect is at .8.



Scott's experimental datai were for c a 3. 1?,, ,P 1)' 21 .82,

and f = 0.9, 1. (The second, tnirJ, and f ).Jrnrl  ,  ) tt s Tahle I i re
mis-labeled in Reference 9. In hi; nota -,r , " , ,') e 1 (dentifieI as

d/ c , hdc 2 , and adc 2 . ) His dat a are co:n are tql -oe ry )f this paper
in Figure 4,and we see that the 1-axim errur ." , Reerence 3 it 4as
found that much better fits could be o ~t.inei 'y jsr; a s igntly different
value of the fineness ratio. Indeed, effectivo a ws )t tlneness ratlo whicn
were 0.51 greater than the measured value woiil1 jive excellent agreement. n
Figure 4 it is shown that a 0.7,[, greater fineness ratio (c/a = 3.15U) gives
excellent agreement for six different experiments.

An important characteristic of an eigenfrequency is the occurrence of a
maximum side moment coefficient for a coning motion with constant damping and
a frequency near the eigenfrequency. The theory of this report was used to
compute the maximum side moment coefficients for the conditions of Figure 1
and constant amplitude coning motion with frequency near T3 1. The resulting

curves are given in Figure 5 and have a number of interesting properties.

As bi/a varies from 0 to 1, the heavior liquid is replaced by the lighter

liquid. Since the side moment is defined in terms of the density p1 of the

heavier liquid, a requirement for our CLSM (bl/a) is that

CLSM(1) = 021 CLSM(O). (7.1)

This requirement was satisfied by our calculations. It is important to note
that a large change in side moment occurs when the liquid interface is near
the cylindrical wall and the interface boundary layer overlaps the wall
boundary layer. Therefore, small amounts of heavier liquid can have a large
effect on the side moment exerted by a spinning liquid payload.

An interesting feature of the P2 1 = .4 side moment coefficient curve is

the presence of two small peaks. These are caused by the equality of T31 and

T for these locations of the interface. Figure C compares the complete

dependence of T5 2 on interface location with that of -31 for P2 1 = .4. For

n = I the eigenfrequency has one maximum, while for n = 2 the corresponding
eigenfrequency has two maxima,and for small enough density ratio those eigen-
frequency curves can intersect.

The coalescence of eigenfrequencies for special interface locations also
nccurs for the fineness ratio of 4.29, which has been extensively studied by

26
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.1' 1 K. iF LNTr<AL U

1*ne t t e, r i ii r ur Gf i 4 njle I iK-uid payload has been discussed

I~ rl 1 e jm~ ~ ,n 1~ 2A ..21) at r b2 a re repl aced by

v~(b2,X) -(S i) (x/a) K .(A2)

(b h ,x) is-i) (x/a) K. (A3)

Equation1 (A2), uf course, replaces Eq. (5.3) as the boundary condition at r
2. Eqs. (4.16 - 4.11) are then replaced by

w S (1)2 9 X) + * 1C + w 22 =i(s-i) K(x/a) (A4)

h X) 1 + + u 2  (s-i) K(b /a) . (AS)

A revised version o f Tdjble 2 can be computed for the viscous coefficient
functions Ksee Table Al). For these viscous coefficient functions the only
radial viscous velocity to he affected is that at r = b2 [Eq. (4.25)].

'2v( 2x (a/b 2 ) (v2 2 + c2 v2 1 ) a2- (M6)

The in'visc.id tcoundury, conditionl, now differ from Eqs. (5.1 -5.4) by the
condi ti on at i b ). Fhey are

at r hi1

3--T 1 ~21 [P2si + aTS -1)],7

* ' ?~ " 11-- Z i-K Re~eret ~bra~rj

E/VCA ffect s i'

* 0' ~o~ir Report PRL,-MR!-1I 959,

43 PRVIOUSPAGE

ISBLN



TABLE Al. VISCOUS COEFFICIENT FUNCTIONS FOR CENTRAL ROD.

w = {[1+N - (1-N) 22] w a + N £- A Wsi I

2
W {(l-N) -lWa N(1+£ 2 )A wsi + 2 N w i

2
w2 1 = (2 ElWa+ (l+ci )A wsi- c2 (I-N) Wb}'D

w = {-2 A Wi {[l+N + (1-N) E 2] w} I -l

U {[I+N - (1-N) c2 2] ua + N £I A UsiD

Ull = {(I-N) FlUa - N (1+c22) A usi+2 N E2 Ub['l

u21 = (2 clUa+ (I+El) A Usi- £2 (1-N) ubID

u2 2 = {'£2 A usi+ [I+N + (1-N) El2 ] Ub}

V {[I+N - (1-N) F22] va + N

vii : {-(1-N) ciVa+ N(l+z 2
2) * - 2 N 12Vb}

°

V f2 ciVa + (1+El2) A* - E2(1-N) Vb}[D-

v2 2 = {£2 A* - [1+N + (1-N) 12] Vb}D'1

where

D 1 + N + (1 - N) (£l2 - £22

wb = i (s - i) (x/a) K - W2si(b 2,x)

ub = (s - i) (b2/a) K- U2si(b 2/x)

Vb = -(s - i) (x/a) K - (r v2s i)
ar

r=b 2
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.V + ( - v (A8): I sl 21 V2sv

v s i + Vs = (i - s) (x/a) K (A9)

vs i + Vlsv = (i - s) (x/a) K, (A1O)

where tne riec.t2s ry viscous coefficient functions vjk are given in Table Al.

It snould be noted that in terms of 6aj the computational versions of

Eqs. (A9-AIO) which are used in this paper are slightly more accurate than
those of Reference 3. For a single liquid they become

v (v2x) + = (i - s) (x/a) K (All) I
b2+a a

a6 a_ vsi(a,x)
Vsi (ax)- a] (i -s) (x/a) K (A12)

1 '6a] a

The corresponding equations of Reference 3 are:

a v si (b 2,x)A

v si (h 2 ,x) + a6a - (i - s) (x/a) K (A13)
• ar

I

3 vsi(a,x)
vsi (a,x) - a6 r = - s) a) (A14)

1he J f frt.nce 1etwfen Lqs. (All) and (A13) is only important when b2 is very

i ai wrle 1 the li ference between Eqs. (A12) and (A14) is unimportant for
Re1yr1(; 1 s rdjllrr-s ppt (-pri ate to boundary layer theory.

' rttr r.he j i.:1 suhstitutions of the Fourier series expansions, new forms

of Hs. ('.) - 5.9) tar the EkS and Fik'S can be obtained.
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R lK(bl) " 021 R2k(bl) " (b,/a) (s -i'
1 [Rvlk(bl) " P21 Rvk(bl)]

(A15)

(I - P21 ) s2 (i - s)
(bl/a) ak

Rlk(bl) - v2k(bl) - (1 - P21 ) 6a2 R* = (1 - P2 1 )(£ I - E2) 6a2 Alak (A16)

1 1
v2k(b2) + a a D2  R'v2k(b2) + (a/b2) 2 R*

(A7)

= + s i s)ak

Rvlk(a) - a a A2 R' N R** 2s (i - s) ,
vlk (a) + '1 0al 0 k I + s ak (Ale)

where

2 2

R= {a (+ + [Rv£) l R (b -l)]

- 2 (a/b1 ) £I [Rvlk(a) + a R'lk(a)]

+2 (a/b1 ) 62 [Rv2k(b 2) + b2 R'v2k(b2)1} oi

A 4 (a/b1 ) [si -s)]A ab 1+ s I"

A 2 [E + N - (1 - N)(E 12 + )] 2 DO0

D)0 :D 6 al [l+N -(I-N)(E:I2+ F22

46
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D D I P 1+ 2+ 2 (1 a2 (I-P 2 1)(I+ 1  2 )(a/bl)

D 2 0 6 a2 D (a/b 2 ).

Tne linear liquid moment coefficient for a cylinder with a central rod
can be expressed ds the sum of six terms--the four terms of Eq. (6.2) plus the
pressure and viscous contributions from the central rod.

(C +ve mf + m .(A19)
(CLsM + LIM) + mpe + mpr + mv + ve+ vr

The two additional terms are quite similar to mp, and mvX, respectively.

c

npr = -i b2 P2 1 (2a2cKr)"1  x [p 2 si(b 2 ,x) + P2 sv(b 2 ,x)] dx (A20)

where P2sv = -2 6a2 (w2 2 - w2l c2).

C

mvr =N b2 (2 a 
2cK Rel 6al)' [i b2 (u2 2- E2u21 ) + x (W2 2-62 w2 1)] dx .(A21)

-C

In Figure Al the maximum side moment coefficient associated with T31 is

plotted versus bl/a for the central rod of Figure 3. Note the sharp changes

in side moment for the interface near the central rod and near the outer
cylindrical wall. The two bumps in the P21 = .4 curve are caused by the

coalescence of the r3, and the T52 eigenffequencies.
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APPENDIX B. EFFECT OF DIFFERENT KINEMATIC VISCOSITIES

As was stated in the body of this report, the approximation given in Eq.
(3.5) can be avoided hy a much better least squares approximation. Exact

expressions for Pjsi, Vjsi, and Vjs v can he derived from the series of Table I

and the other relations given in the main part of this report, and these are
tabulated in Table 1i. Next, these expressions for the pressure and radial
velocity perturbation functions are substituted in Eqs. (5.1-5.4) to ohtain
four equations for the Ekj's and Fkj's:

Ir
k [Elk A + Flk B k] sin (Ik x/c) + Z LE2k C k + F2k Lik sin (9 k 1/c)

d x/c = 1,2,3,4 (HI)

k = 1,3,5,7 .... 2Nk - 1

where the coefficients Ak, Bk, Ck, D d are given in Table B2.

For Nk sets of the parameters (Elk, E2k, Flk, F2k), these four equations

can not be satisfied exactly. We can, however, consider the squared sum of
toe residuals for each equation produced by a particular selection:

R = -c z [Elk Azk + Flk BZk] sin (lkx/c)

(B2)

+ [E 2k C £k + F2k D~ k] sin (A2k x/c) - dZ x/c I2 dx.

We seek those values of the parameters Elk, E2k, Fik, F2k that minimize
II(in a least squares sense) the RX s. For a jingle liquid and 100% fill (b2 =

0), the FK's satisfy the condition at r = b2 while the Ek's satisfy the

condition at r = a. For two liquids, the conditions at b2 and a are

represented in Eqs. (B1-B2) by z = 3 and 4, respectively. Hence, in analogy
with the simpler case, we select the F2k's to minimize R3 and the Elk's to

,inir-lize P4. To s3tisfy thr interface conditions (Z -1,2), we select the

Fek1'S tj Iinlze Rt and the E2k's to minimize R2 . The resulting 4NK
e~l atlnS ire, iven in Table U3.

Mals and U2 have to he modified for a fully-filled cylinder with a
central rod of radius h2 .  The pressure and inviscid radial velocity functions

0
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0i

1.) t,1 are unchan ed, but three viscous radial velocity functions have to' r, 1oriv1 from T ale A and are given in Table B4.

,\, indicated in Appendix A, the boundary conditions at r = b2 for the

*ro, ' r (F 1 . (5.3"\ is replaced hy Eq. (A)). The corresponding Eq. (31)
n t i = 3. ie new coefficients are:

3 a ?" a? K

3 ha/ 2 2a 2k

(B4)
f2K (b 2 ) (a/h 2 ) Sa2 h*

I3 JJk (h 2 ) + (a/b 2 ) "5a2 h*k

(13 2 s(i s) (i + s) - (a/b 2 ) 'a2 h'*

r,-niningj coefficients for z 1,2,4 are given in Table B3 when the hn,

,r 's )f Ta le B4 are used.

A, a conparison of approximation (Eq. 3.5) with the better approximation
.r tiis appendix, the maximum side ,ioment coefficient for T3 1 , Re = 40,000,

c/a =3.1, b 2  3, ,, 0.6 is plotted versus bl/a in Figure Bi. Comparison of

tnP two approximations are given for kinematic viscosity ratios (v 2 1 = v2 /Vl)

of ).1, 1, and 10. We see that approximation (Eq. 3.5) underestimates the
offect, of unequal kinematic viscosities.
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TABLE 131. PRESSURE AND RADIAL VELOCITY FUNCTIONS.

-(i-s) 2(x/c)(r/a) + . [Ejkdlk() + FjkYlk(r)] sin (jkx/c)} (c/a) K

'V. =1(i-s)2 (i+s) l(x/c) + z [Ejkfjk (r) + Fjkg k(r)] sin (xjkx/c)} (c/a) K

v(a,,) =h x/c + [Elk hlk + Fik hk] sin (XkX/c)

+ [E2k h3k + Fk h4k] sin (xkx/c)} (c/a) 
6a1 K

V2sv(bt,x) = th2x/c + z [Elk h5k + Flk h6k] sin (Xlkx/c)

+z [E2k h7k + F
2k h8k

] sin (X2kx/c)} (c/b1 ) 
6a2 K

where

A jk r/c
dJ 1(r) -lL

fjk(r) =-[(i-s) (a/c) xjk + 2i (a/r) Jl (r)] S-

dY,(r) -1

]) -[(i-s) (a/c) xjk + 2i (a/r) Y (r)] S-ik~r =-[i-s)(alcXjk dr I!

h1 = 2s [I - 2i2 (1 - N) D- I] (i-s) (i+s) -

-z s (i-s) (i+s) "  D "

=-i - 2 (1 - N) D" I] flk (a) + 2 1 N D"1 lk(b1)

, _V- - 2 1 - N) II] +lk(a) 2 N -  (b
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IA61LF . PNFSSJRE AN1O RADIAL VELOCITY FUNCTIONS (Continued).

NI

-2 D-1 2K 2

' ~ k - '  i a) ( 2 2 )  l k ('I)

- 0 - 1  g1k (a) + (1 + 2 D 2) -1 glk (b

k 1 2 2 -I I

h2 ~ a) ( + 1 Ik ( 1

h7k = -(1 + 2 - 2 "  f2k (b)

hk -(1 + 2 - L22 ) " 1 g2k (bl

^I

fjk= fjk + r f'

jk = jk r gJk

j

I

I1

I

I



TABLE 62. COEFFICIENTS OF EQ. (BI).

A1  1= J ('k b1 /c) + (hl/a) (i-s)- flk (b1)

B k 1 (klk >i/c) + (bl/a) (i-s)- g1k (hl)

C 1k = -21 [J1(x2k b1/c) + (bI/a) (i-s)- f ?k (bl)]

D = -21 [Y(x 2 k x b/c) + (b /a) (i-s) g2k (bl)]

2k (b/a) flk (b 1 ) (1 - p21 ) 6a2 h5k

B 2k (bl/a) ylk (bl) - (1 - 021) 5a2 n6k

C2 k -(bl/a) f2k (b, - - 21) 5a2 h 7k

) 2k = -(bl/a) 92k (bl) (1 P21) 5a2 h8k

A3k = B3k 0

'3k = JI(A 2k b2/c) + (b2/a) (i-s)' f 2k (h 2)

D3k YI2K b2 /c) + (b2/a) (i-s)- 2k (b2)

A4k f flk(a) + 'a1 hlk

i 4k = 
91k (a) + Sal h2 k

r K %dI h 3k D4k = 6al h4k

* cli ()

? (1 - P21) 'a2 h?

,t3 = (i - s) (i + sY I (b 2 /a)

4 2s (i - s) (i + s) - _al h

* al I
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TABLE 134. VISCUUS RAOJPI, VELOCITY FUNCTIONS FOR CENTRAL ROD.

Vlsvd, =i/c + 1 lk hlk + Flk h k] sin (Xlkx/c)

+ - [E2k h3k + F2k h4k] sin (A2kx/c)} (c/a) 6a K

v v (b ,x) = th2x/c + 'i [Elk hrik + Flk 16k] sin (Alkx/c)

+ [E2k h7k + F2k h 8k] sin (x,2kx/c)} (c/bI) 6 a2 K

2sv (b2,x) ht x/c + z [Elk hjk + FIk hk] sin (Xlkx/c)

+ s [Ek h*k + F2k h*k] sin (AkX/C)} (c/h2) 
6a2 K

2s [1 - 2 2 (1 - N) i-1] (i - s) (i + s)"I

-~ : 1 - 2 s - s) + s)-  i"1

-2s [1 + 2 c22 (1 - N) D" ] (i - s) (i + s)- 1

*2
hlk -Li - 2 2 (1 - N) G'i] fik(a) + 2 el N -1 fik(bl)

n = -[I - 2 E2 (1 - N) D -I ylk(a) + 2 eN l - glk(b)

2 f1 kl bl)

n -3k 2 N D f 2k(bl)

?4:= - : N 0- g2k (b1)

k = 2 - - (a ) + (I + Fi2  + f lk (bl)

5.



- Fit !4. ,ihJ,)b RkAD IAL VELOCI FY FUNCFIUNS FOR CENTRAL ROD (Continued).

YI I

: • 2 + ,Z ] I g k )+2 2 1^]- I  g (b2

k, 2 92k 2

2 -i(b 2 i (b

2 2k 2 2 2k I.-

2 _ k

- 1 ) 1 b 2(

?K 2 ' 2 k



r

APPENDIX C

AXISYMMETRIC ELGENVALUES

PRIEVIOUS PACE

IS BLANK
4



APPENDIX C. AXISYMMETRIC EIGENVALUES

H. 1 ;er., s I 4tjSU tr tnis report were determined by linear perturbation
t, t.4 , iziiiuthal variation was exp (-io). A more general expressionS. ,,I. - , ince the hownoary conditions have an azimuthal variation

S-..i . I, tn steady-state response required a consideration of
Lill -, : .1i ,. Lxpeririental measurements of eigenfrequencies have been

i, r r jI '.ctr'c waves ( J )) in a single liquid.C1 In this appendix we
wrill h n, ' itins for ) i yilinetric waves in two liquids.

r invisci,1 perturbation functions for any in have been derived in

Pe',t r ,n (..". In [,anle CI the appropriate expressions are given for m f 1.
The Mor';ene,] derinitions for ' and 6 . , also given in Reference C2, are

I + 1' (Cl)

, -L2(,, is)] [(2-ii-is) aj - (2+i+is) ] (C2)

s- (c/a) [s- (2+m) i] 1 2 Re. 11 2  (C3)

112 (112

(c/a) [s + (2-in) ij' /2 Rej C4

whetr ctho (.('li) lex roots are selected to have positive real parts.

)lnIk, velocities at rijid boundaries are zero for in # 1 perturbations,
the, ( orrespondjiny viscous coefficient functions can be computed for an
i ntr'rea Ifree surface from Table 2 when Wa, Ua, and va are defined to be

* a -> - wls i  (.,x). (C5)

.. * 1 HRL ,,emtr-l . ,t ('1.4 -'13, '(eUA'LU'.r

' i'n At.P;2, iidDaio, Vol
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Is BLANK



TABLE Cl. INVISCID PERTURBATION FUNCTIONS FOR m 1.

pjsi =-(c/a) 2 Rjkmf(r) sin (Xkin X/c)K

3 ~ ~ ~ s u = (si) Rjkmr 'km Cos (Aki X/c)K

Vjs (c/a) R Rvjkm (r) sin (x kfn x/c)K

wjs (c/a) 2R (r) i x xc

R E i (k r) Fjkm Y si (Akin x /c)

Rjkm j Ekfl, J ( kin n)+F~Y Ai c

jkm -2 im (air) R
vjkin E (s - im) a R! RjkmSin -

R wjkm = [2 a R' ki + im (s -im) (a/r) Rjkm] S n

kn Sin xkin ( m-

Si s ~2 -2 ims + 4 -in 2

Ua = - u15.j (a,x) (C6)

Va= (r vi) (C7)

)r r a.

* Table Al can be used to compute viscous coefficient functions for a central
rod and in :t 1 if, in addition to Eqs. (C5-C7), similar definitions are
assigned to Wb, b and vb: 

( 8

0 "b w2s1 (b2,x) (8
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j (r v 2 si

- - -] r 02 (

u1oriei il ver,,i~ns Or FqS. (b.b-b.9) for in A 1 can now be derived

- ~~ <2k1(b1) -(h, 1/a) L~k(l

V11 (I - N2i'u 1) - 1 21) 'a2m R*k = 0 (C12)

ki(b (h,/a) (s -im)
1 R k(b) 0 (C13'

N, I k1 a [Cl14 )

v OL

* ~ i i, 1 er-,oi bc is plotted for ) ?1 = 4, .6,

I .1 iqu 1,1 p I(t Pd f or t) /a 0, 1 .
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LIST OF SYMBOLS

d radius of the cylindrical cavity containing the liquids

coefficients in a least squares fit of x/c to a series in
sin (\k x/c), Eq. (5.5)

bi  radius of the interface of the two liquids for K1  0

b, radius of an air core (or central rod) for K1 = 0

half-height of the cylindrical cavity containing the

I i qui(s

f 1 - (b2/a)
2, the fill ratio

inl 2 aa2 c, the liquid mass in the cavity fully filled with

liquid I

mpe pressure moment coefficient on the end walls, Eq. (6.5)

£pressure moment coefficient on the lateral wall, Eq. (6.4)

p pressure moment coefficient on the lateral wall, Eq. (A20)

IIve viscous moment coefficient on the end walls, Eq. (6.7)

I, viscous moment coefficient on the lateral wall, Eq. (6.6)v

viscous moment coefficient on the lateral wall due to a
rod, Eq. (A21)

preS 'ice pert ir bdtiOn in liquid j

4 n i ,: I part of pjS

1) /" - o



LIST OF SYMBOLS (Continued)

-.1

Pjsi Pjsi - (r x/a ) K

Pjsv viscous part of Pjs

r radial coordinate in the inertial system

r radial coordinate in the aeroballistic system

Skn eigenvalues of s: the values of s that make the
determinant of the system (5.6-5.9) zero

t time

Scoefficients in the expansion of ujs v , Eqs. (4.6-4.7)

'JS, Vjs, Wjs x, r, 3 components of the liquid j velocity perturbation

Ujsi, Vjsi, Wjs i  inviscid part of Ujs, Vjs , wjs

jsv' Vjsv,W viscous part of ujs, vjs, Wjs

Wjk coefficients in the expansion of Wjsv, Eqs. (4.4-4.5)

axial coordinate in the inertial system

S axial coordinate in the aeroballistic system

CLIM liquid in-plane moment coefficient, defined by Eq. (6.1)

CISM liquid side moment coefficient, defined by Eq. (6.1)

EK Fjk coefficients in the expression for Rjk computed by

solving the system (5.6-5.9)

68
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LIST UC SYMBOLS (Continued)

UJe' ,,l f.inction of the first kind of order 1

K K

KI t aypi itude ot the coning motion

N 21 (v 2 / 1 )1 l 2
" .4

N. number of terms considered in summing for .

k 1,3,5... (2 Nk - 1) P

*4L'' M Y, Z components of the liquid moment, Eq. (6.1)

Rej a 2 -1 , Reynolds number for liquid j .

Ejk dl (Xkr/c) + Fjk Y1 (Akr / c) "1

R vjk [(s - i) a R'k - 2 i (a/r) Rjk] S-I

k-[2 a k + i (s - i) (a/r) Rjk] S"

S s 2 - 2is+3 i

Vx* VI, V x, r, o components of the liquid j velocity,
' J Eqs. (2.7-2.9)

y inrertial system Cartesian axes, the X-axis tangent to the

trajectory at time zero

c(iroh~I I i stic system Cartesian axes, the X -axis along the

4Uissile's5 x i1s of symmetry

r run(Ai oo uf the se(.)n(i kind of order i

-i
• . -: .:.- ." -. - . : .: - " . . " .. ..--



LIST OF SYMBOLS (Continued)

angle of attack: the projection in the XZ plane of the

angle between the X and X axes

angle of sideslip: the projection in the XY plane of the

angle between the X and X axes

+aj€2 I + is 11
[.1 ]Re 7/

-(a/c) (I + i) 1- is + i(3 + is) ReI 1 12

Cj 2 -2( 1 + is [ 3+ is 1 - is

Pi fluctuating part of the inviscid pressure, Eq. (6.3)

(K1/K1 ) $i , non-dimensionalized damping

I exp [(bl-a)/a 6all

exp [(b2-bl)/a 6a2]

dimensionless perturbation of liquid interfaces due
to coning motion, Eqs. (2.5-2.6)

azimuthal coordinate in the inertial system

azimuthal coordinate in the aeroballistic system

k "average" value of xjk9 Eq. (3.5)

Aik (-k/2) (I + s cj)

* Aik [Si1/2/(1 + is)] Ajk

70
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LIST OF SYMBOLS (Continued)

"i. Q, dynamic viscosity of liquid j

average kinematic viscosity, Eq. (3.5)

kinematic viscosity of liquid j

density of liquid J

Z" <21 I 1

nondimensionalized frequency

eigenfrequency for nodes k and n; the imaginary part
of Skn

inertia spin rate

'I(t) phase angle of the coning motion

)eri vati yes:

d()/dt

d( )/dr

endwal l

1 liquid no. (1 heavier, 2 lighter)

* axial mode number: 1,3,5 .... (2 Nk - 1)

lateral wall

radial (node number: 1,2,3 ....

* presspure component

'is(ous (wall shear) component

0
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